For a finite Coxeter group, W , and its reflection representation h, we find the character and Hilbert series for a quotient ring of C[h⊕h * ] by an ideal containing the W -invariant polynomials without constant term. This confirms conjectures of Haiman.
Recently, attention has focused on a "double" analogue of the above results. The space h is replaced by h ⊕ h * , and its corresponding diagonal W -action. The orbit space h ⊕ h * /W is a particularly interesting example of a symplectic singularity, of current interest in algebraic geometry, [22] . Moreover, the process of "doubling up" is crucial to the study of Nakajima quiver varieties and preprojective algebras, the Hilbert scheme of points in the plane, [19] , and in Lie theoretic work on principal nilpotent pairs, [12] .
1.3. The ring of invariants C[h ⊕ h * ] W is never smooth and for general W , its generators and relations are poorly understood, [23] . It is, however, expected that the ring of coinvariants
should display interesting combinatorial properties, relating to its W -action and its natural grading arising from setting deg(x) = 1 and deg(y) = −1 for x ∈ h * and y ∈ h, [14] .
In the case W = S n , the work of Haiman on the n!-conjecture shows that the Hilbert series of C[h ⊕ h * ] coW is t −n(n−1)/2 (1 + t + · · · + t n ) n−1 , and determines its decomposition as an S n -module, [15] . This confirms several conjectures in [14] .
1.4. In this paper we extend the above results to all finite Coxeter groups. Our main theorem is the following, confirming a conjecture of Haiman [14, Section 7] . (1) dim R W = (h + 1) n ;
(2) R W is Z-graded with Hilbert series t −hn/2 (1 + t + · · · + t h ) n ;
( is the Hecke algebra of W . Lemma. Let τ, µ ∈ Irrep(W ). The natural map
It is well
is injective. 
Lemma. Keep the above notation. If c is constant, then κ c (h k ) = hck.
where χ τ is the character of τ .
For any s ∈ S, the reflection s fixes a hyperplane pointwise and acts as −1 on its orthogonal complement, so that h = F ⊕ S, where dim F = n − 1 and dim S = 1. Thus, the action of s on h k is described by
Combining this with (3) yields
Since the Coxeter number of W equals 2N/n, [16, Chapter 3] , the lemma follows. Then τ ∼ = h i and µ ∼ = h j for some non-negative integers i and j. 
Hence, the sign module appears in M c (h n−i ) with multiplicity one for each appearance of (h n−i ) * ⊗ in C[h].
Since h n = , there is a homomorphism h n−i ∧ h i −→ , and hence an isomorphism
To determine the appearances of h i in C[h], we study
By [20] there is a copy of h in degree e i for 1 ≤ i ≤ n. Since C[h] coW is isomorphic to the regular representation of W , we know that h i appears n i times. Taking i distinct copies of h in degrees e j 1 , . . . , e j i we obtain a copy of h i in degree e j 1 + · · · + e j i by taking their wedge product. Running through all such products yields n i copies of h i . Since the wedge product of the n distinct copies of h above yields the unique copy of in C[h] coW , all the copies of h i described above are distinct. Hence the Hilbert series of h i in C[h] coW is given by 1≤j 1 <···<j i ≤n t e j 1 +···+e j i .
It follows from the W -invariant graded decomposition
that the Hilbert series for h i in C[h] is given by p 1≤j 1 <···<j i ≤n t e j 1 +···+e j i .
The lowest h-eigenspace in M c (h n−i ) can be calculated from formula (2) Proof. For type A this follows from [2, Remark following Proposition 5.7]. We will prove this for type B, the other cases being similar.
Let {x 1 , . . . , x n } be the standard basis for h * and {y 1 , . . . , y n } for h. Recall, [16, Chapter 2] , that W = Z 2 S n and that the positive roots of W can be chosen to be the elements of h of the form x i ± x j for 1 ≤ i < j ≤ n (short roots) and 2x i for 1 ≤ i ≤ n (long roots).
Let c s and c l be the values of c : S −→ C on the reflections corresponding to short and long roots respectively. Calculation gives the following formula:
The trivial representation sends the group elements to 1, so setting c s = c l = 1 2n = 1/h proves that [y i , x j ] → 0. The lemma follows. Lemma. Suppose that c = (1 + h)/h. We have n i=0 (−1) i p(e (M c (h i ), t) = 1.
Remark. For c = 1/h it can be shown using a Koszul resolution that we have
Proof. By Lemma 4.4 we have
By [16, Chapter 3] the sum n k=1 e k = N , whilst the multiset {h To indicate provenance, we give two versions of the following Proposition. The second is due to Berest, Etingof and Ginzburg and will appear in [3] . We thank the authors for allowing us to reproduce the result here. Theorem.
Hilbert series is given by
Proof. Under the shift isomorphism of Hence G preserves the simplicity of finite dimensional representations.
Let L = G(C). By construction L contains a copy of in degree 0. By Lemma 4.4 the unique standard module M c (h i ) with appearing in degree 0 is M c (h 0 ). Thus L must be a factor of M c (h 0 ). In other words L ∼ = L c (h 0 ). By Lemma 4.7 we deduce that
Thus we find that
The result of this theorem is consistent with the conjecture in [2, Section 5] on the character formula for representations of H c in type A. This conjecture has now been confirmed in [3] .
Diagonal harmonics
The following theorem was conjectured by Haiman for all finite reflection groups, [14, Section 7] . For type A a stronger version of the theorem was obtained by Haiman in [15] .
Results for dihedral groups were obtained by Alfano and Reiner. 
Then there exists a W -stable quotient ring R W of D W satisfying the following properties:
(1) dim R W = (h + 1) n ;
( We set R W = grL ⊗ .
By the second paragraph of the proof of Theorem 4.9 the element e ⊗ 1 has degree 0 in L. Since the grading induced by h gives x ∈ h * degree 1 and y ∈ h degree −1, we see that R W has the same Hilbert series as L, so (2) Since p − and w do not increase degree, it would follow if qe ⊗ 1 were zero, then L could have no subspace in degree N . But the Hilbert series of L has highest order term Therefore, with the obvious notation, the graded character of w on L is given by (4) ch L (w, t) = n i=0 (−1) i ch Mc(h i ) (w, t).
Recall, as a graded W -module we have M c (h i ) = C[h] ⊗ h i . It is well known that the graded trace of w on C[h] is given by 1/ det(1 − tw). Thus
Combining (4) On the other hand, since h and h = 1 are coprime it follows from [21] that the character of w on the permutation representation Q/(h + 1)Q equals h dim ker (1−w) . This proves (4) Weyl groups.
